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PORTFOLIO SELECTION WITH REGIME-SWITCHING:
DYNAMIC PROGRAMMING APPROACHES

Yong Hyun Shin*

Abstract. I study an optimal consumption and portfolio selec-
tion problem with regime-switching using a dynamic programming
method. With constant relative risk aversion (CRRA) utility I ob-
tain optimal solutions in closed-form.

1. Introduction

Motivated by Merton’s seminal works [5, 6], much scholarly work has
been conducted on portfolio optimization problems. Especially Karatzas
et al. [4] have derived general explicit solutions of a consumption / in-
vestment optimization problem using a dynamic programming method.
The regime-switching model, in which uncertainty is affected not only by
the Brownian motion of a stock, but also by the long-term business cycle
which is mathematically modeled as a continuous-time Markov chain, is
becoming widely considered in mathematical finance (option pricing [2],
real options [1], portfolio selection problems [3, 7]).

In this paper I investigate an optimal consumption and portfolio se-
lection problem with regime-switching under the framework of Karatzas
et al. [4]. With constant relative risk aversion (CRRA) utility I derive
optimal solutions in closed-form.

2. The financial market

For a probability space (Ω,F ,P), I define a standard Brownian mo-
tion Bt and a continuous-time two-state Markov chain εt. It is assumed
that Bt and εt are independent and the filtration {Ft}t≥0 is generated
by the Brownian motion Bt and the Markov chain εt.
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In this financial market, two assets are traded: One is a money market
account and the other is a stock. It is assumed that there are two
regimes 1, 2 in the market and regime i switches into regime j at the
first jump time of an independent Poisson process with intensity λi, for
i, j ∈ {1, 2}. So, in regime i ∈ {1, 2}, the interest rate is ri, and the stock
price process is governed by dSt/St = µidt + σidBt. The market price
of risk is defined by θi , µi−ri

σi
i = 1, 2. Let πt be the Ft-progressively

measurable portfolio process, the amount of the agent’s wealth invested
in the risky asset at time t and ct be the nonnegative Ft-progressively
measurable consumption rate process at time t. It is assumed that they
satisfy the following conditions:
∫ t

0
csds < ∞ and

∫ t

0
π2

sds < ∞, for all t ≥ 0, almost surely (a.s.).

The agent’s wealth process Xt at time t follows the stochastic differ-
ential equation (SDE)

dXt = [riXt + πt(µi − ri)− ct] dt + σiπtdBt, X0 = x > 0, i = 1, 2.

3. The optimization problem

The agent’s optimization problem is to maximize her expected utility

(3.1) Vi(x) = sup
(c,π)∈A(x)

E

[∫ Ti

0
e−βt c1−γ

t

1− γ
dt + e−βTiVj(XTi)

]
,

where Ti is the first jump time from i-th state to j-th state, β > 0 is a
subjective discount factor, and A(x) is an admissible class of pair (c, π)
at x, where i, j ∈ {1, 2} and i 6= j.

In order to guarantee the agent’s problem to be well-defined, we have
the following assumption.

Assumption 1.

Ki , ri +
β − ri

γ
+

γ − 1
2γ2

θ2
i > 0, i = 1, 2.

The next theorem gives my main results.

Theorem 1. The value function is given by

Vi(x) = Mi
x1−γ

1− γ
,
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where Mi and Mj are the solutions to the system of algebraic equations

−(γKi + λi)Mi + γM
− 1−γ

γ

i + λiMj = 0,

where i, j ∈ {1, 2} and i 6= j. And the optimal strategies are given by
(c∗i , π

∗
i ) such that

c∗i = M
− 1

γ

i x and π∗i =
θi

γσi
x, i = 1, 2.

Proof. From the optimization problem (3.1), I derive the Bellman
equations as follows:

max
(ci,πi)

[
{rix + πi(µi − ri)− ci}V ′

i (x) +
1
2
σ2

i π
2
i V

′′
i (x)

−(β + λi)Vi(x) + λiVj(x) +
c1−γ
i

1− γ

]
= 0,

(3.2)

where i, j ∈ {1, 2} and i 6= j. By the first-order conditions (FOCs), I
derive

(3.3) ci = (V ′
i (x))−

1
γ and πi = − θiV

′
i (x)

σiV ′′
i (x)

, i = 1, 2.

I now assume that the optimal consumption c∗i = Ci(x), i = 1, 2, is a
function of wealth and that Xi(·) is the inverse function of Ci(·). Then,
from the FOCs in (3.3), I have

(3.4) V ′
i (x) = Ci(x)−γ and V ′′

i (x) =
−γCi(x)−γ−1

X ′
i(ci)

, i = 1, 2.

Substituting the FOCs in (3.3) with (3.4) into the equation (3.2), then

ric
−γ
i Xi(ci) +

θ2
i

2γ
c1−γ
i X ′

i(ci)− (β + λi)Vi(Xi(ci))

+ λiVj(Xi(ci)) +
γ

1− γ
c1−γ
i = 0,

(3.5)

where i, j ∈ {1, 2} and i 6= j. Differentiating the equation (3.5) with
respect to ci, then

ric
−γ
i X ′

i(ci)− riγc−γ−1
i Xi(ci) +

θ2
i

2γ
c1−γ
i X ′′

i (ci)(3.6)

+
1− γ

2γ
θ2
i c
−γ
i X ′

i(ci)− (β + λi)c
−γ
i X ′

i(ci)

+ λiV
′
j (Xi(ci))X ′

i(ci) + γc−γ
i = 0,
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where i, j ∈ {1, 2} and i 6= j. From the definition of Ci(·) and Xi(·), I
see that

(3.7) x = X1(c1) = X2(c2) implies V ′
j (Xi(ci)) = V ′

j (x) = c−γ
j ,

where i, j ∈ {1, 2} and i 6= j. From the equation (3.6), I derive

θ2
i

2γ
c2
i X

′′
i (ci)−

(
λi + β − ri − 1− γ

2γ
θ2
i

)
ciX

′
i(ci)− riγXi(ci)(3.8)

+ λici

(
ci

cj

)γ

X ′
i(ci) + γci = 0,

where i, j ∈ {1, 2} and i 6= j. If I conjecture the solution Xi(ci) of the
form

(3.9) Xi(ci) = M
1
γ

i ci and ci = M
− 1

γ

i x, i = 1, 2,

then X ′
i(ci) = M

1
γ

i and X ′′
i (ci) = 0, i = 1, 2. From the equality (3.7), I

obtain

1 =
Xi(ci)
Xj(cj)

=
M

1
γ

i ci

M
1
γ

j cj

and
(

ci

cj

)γ

=
Mj

Mi
,

where i, j ∈ {1, 2} and i 6= j. So the equation (3.8) can be reduced into

(3.10) −(γKi + λi)Mi + γM
− 1−γ

γ

i + λiMj = 0,

where i, j ∈ {1, 2} and i 6= j. I can easily show that there is a unique pair
solution (M1,M2) to (3.10) using the proof of Lemma 1 of Jang et al. [3]
under Assumption 1. I also derive the value function Vi(x) = Mi

x1−γ

1−γ , by
substituting ci in (3.9) into the FOCs in (3.3) and the Bellman equation
(3.2). Finally I use the FOCs in (3.3) with the value function Vi(·) to
obtain the optimal policies (c∗i , π

∗
i ), i = 1, 2.
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